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Abstract
Following a joint work with Gilmer and Heinzer, we prove that if M is a maximal ideal of an
integral domain R such that some power of M is %nitely generated, then M is %nitely generated
under each of the assumptions below:
(a) R is coherent.
(b) R is seminormal and M is of height 2.
(c) R=K[X ; S] is a monoid domain, M =(X s : s∈ S), and one of the following conditions holds:
• R is seminormal.
• htM =3 and Q(R) is a %nitely generated %eld extension of K .
For each d≥ 3 we construct counterexamples of d-dimensional monoid domains as described
above. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 13A15; 13E99; 13G05
0. Introduction
This paper is based on [4]. All rings in the paper are commutative with unity. The
following question was considered in [4]:
Question 0.1 [4, Question 0.1]. Suppose that some power Mn of the maximal ideal
M of an integral domain R is %nitely generated. Does it follow that M is %nitely
generated?
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By [4, Theorem 1:24], the answer to Question 0.1 is positive under each of the
following conditions:
(1) M is a minimal prime over a principal ideal, in particular, htM ≤ 1.
(2) R is integrally closed, and either M is a minimal prime over a 2-generated ideal,
or htM ≤ 2.
On the other hand, by [4, Example 3:2], for any 3≤d≤∞ there is a counterexample to
Question 0.1 with dim R=d; if d=∞, then R can be chosen to be a monoid domain
K[X ; S] =K[X s; s∈ S], where K is a %eld and S is a cancellative and torsion-free
commutative semigroup without zero [3, p. 82], and M can be chosen to be the maximal
ideal (X s : s∈ S) of R. The elements X s for s∈ S are called monomials.
We prove that the answer to Question 0.1 is positive for d=2 if R is a monoid
domain and M a maximal ideal as described above (Theorem 2.10). We also relax the
condition on R, by requiring R to be seminormal instead of requiring it to be integrally
closed (Theorem 1.5). We recall that an integral domain R is seminormal if for any
x∈Q(R), if x2; x3 ∈R, then x∈R. Here Q(R) is the quotient %eld of R. We extend our
counterexamples to higher Krull dimensions (Theorem 3.6).
In [4] the analogue of Question 0.1 for a commutative cancellative semigroup S
was also considered. The connection between these two aspects of Question 0.1 (for
semigroups and for rings) was established in [4, Proposition 2:1]. This connection
was used in [4] to obtain results on monoid domains by %rst proving their analogues
for semigroups. We continue this work in the present paper. Thus we show that the
answer to Question 0.1 is positive for any seminormal monoid domain R=K[X ; S] and
M =(X s : s∈ S). We also show that the assumption on seminormality for dim R≥ 3 is
essential by constructing counterexamples with dim R=d for d≥ 3 (Theorem 3.6(2)).
As already mentioned, the case dim R=2 (for monoid domains as above) is settled
in the positive without assuming seminormality; as for the three-dimensional case for
monoid domains, we show that if Q(R) is a %nitely generated %eld extension of K ,
then the answer to Question 0.1 is positive (Theorem 2.12).
We recall that if K[X ; S] is a monoid domain, where 0 =∈ S, then dim R= rank S =
htM , where M =(X s : s∈ S) (see [3, Theorem 17:1 and its proof, p. 226, and Theorem
21:4, p. 290]).
Question 0.1 was generalized in [4] for any ring R replacing the maximal ideal
M by an ideal I such that the ring R=I is Noetherian. In this paper we deal with
Question 0.1 mainly for zero-dimensional ideals I in an integral domain R such that
the ring R=I is Noetherian. An ideal I of a ring R is zero-dimensional if the ring R=I
is zero-dimensional, that is, if any minimal prime over I is a maximal ideal of R.
1. Powers of ideals
The main results of this section are Theorem 1.5 and its Corollary 1.6: as a particular
case, the answer to Question 0.1 is positive if R is seminormal and htM =2.
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We will use repeatedly [4, Lemma 1.7]: if I is an ideal of a ring R then some
power of I is %nitely generated and the ring R=I is Noetherian iL
√
I satis%es these
two properties; in this case, I is %nitely generated iL
√
I is %nitely generated.
Lemma 1.1. Let I be a zero-dimensional ideal of a ring R such that the ring R=I is
Noetherian. The following two conditions are equivalent:
(1) The ideal I has a 8nitely generated power.
(2) Each maximal ideal containing I has a 8nitely generated power.
Moreover; for each n≥ 1; the ideal I n is 8nitely generated i: Mn is 8nitely generated
for each maximal ideal M containing I .
Proof. (1) ⇒ (2): Assume that I n is %nitely generated. Let M be a maximal ideal
containing I . By [4, Lemma 1.7], the ring R=In is Noetherian. Thus Mn=In is a %nitely
generated ideal of R=In, so Mn is a %nitely generated ideal of R.
(2) ⇒ (1): We may assume that I is a radical ideal of R [4, Lemma 1.7]. Thus I is
a %nite intersection of maximal ideals (which we assume to be distinct): I =
⋂k
i= 1Mi.
By Lemmas [4, Lemmas 1.1 and 1.2] there exists an integer n≥ 1 such that the ideal
Mni is %nitely generated for all i. Hence I
n=
(∏k
i= 1Mi
)n
is %nitely generated.
Lemma 1.2. Let I be a zero-dimensional ideal of an integral domain R having a
8nitely generated power and such that the ring R=I is Noetherian. Assume that
√
I is
the radical of a 2-generated ideal of R; that (
√
I :
√
I)= ((
√
I)n : (
√
I)n) for all n≥ 1
and that
√
I is a radical ideal of the ring (
√
I :
√
I). Then I is a 8nitely generated
ideal of R.
Proof. We may assume that I =0 and also that I is a radical ideal of R [4, Lemma
1.7]. Let the ideal I n be %nitely generated. Set T =(I : I). Since T =(I n : I n) and
since the ideal I n of R is %nitely generated, we see that T is an integral exten-
sion of R [5, Chapter V, Section 1, p. 254]. It follows that I is a zero-dimensional
ideal of T ; thus I is the intersection of the maximal ideals of T containing it. Let
I n=(c1; : : : ; ck)R, where c1; : : : ; ck are nonzero. Let Ei =1=ciI n for all i. We have
T =(I n : I n)=
⋂k
i= 1 Ei. Also Ei=IEi is a %nitely generated R=I -module for each i, and⋂k
i= 1 Ei=
⋂k
i= 1 IEi is canonically embeddable into the direct sum
⊕k
i= 1 Ei=IEi, so it is
a %nitely generated R=I -module. We have
⋂k
i= 1 IEi =
⋂k
i= 1 ((1=ci)I
n+1)= (I n+1 : I n).
Let t ∈ (I n+1 : I n), thus tI n⊆ I n+1. Let N be a maximal ideal of T containing I . If
t =∈N , then I nTN = I n+1TN , contradicting the Nakayama Lemma. It follows that T=I =⋂k
i= 1 Ei=
⋂k
i= 1 IEi is a %nitely generated R=I -module; in particular, T=I is a Noetherian
ring.
Thus, T has just %nitely many maximal ideals containing I . Let N be a maximal
ideal of T . By Lemma 1.1 some power of N is %nitely generated. Since T is an
integral extension of R, we see that N is a minimal prime over a 2-generated ideal.
We now prove that N is a %nitely generated ideal of T . We may assume that N is not
invertible, thus (T :N )= (N :N ). Let x∈ (T :N ). Let s be an element in T \ N which
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is in the intersection of all maximal ideals of T that are diLerent from N (the empty
intersection is T ). We have sxI ⊆ sN ⊆ I . Hence sx∈T . As Nx⊆T , we see that x∈T .
Thus, N is not divisorial. By [4, Theorem 1:24(5)], the ideal N is %nitely generated.
By Lemma 1.1, I is a %nitely generated ideal of T .
The T=I -modules
I=I 2; I 2=I 3; : : : ; I n−1=I n
are %nitely generated. Since T=I is a %nite extension of R=I , we see that these are
%nitely generated modules over R=I and also over R. Hence I=I n is a %nitely generated
R-module, which implies that I is a %nitely generated ideal of R.
Lemma 1.3. Let I be a radical ideal in a seminormal domain R. Then for all n≥ 1
(I : I)= (I n : I n):
Proof. Clearly (I : I)⊆(I n : I n). For the converse inclusion let x∈ (I n : I n), thus xIm⊆ Im
for all m≥ n. Hence (xI)m⊆ Im for all m≥ n. Since R is seminormal we obtain that
xI ⊆R. Since I is radical and (xI)n⊆ I , we see that xI ⊆ I and that x∈ (I : I).
Lemma 1.4 (cf. [4, Lemma 1:8]). Suppose I is an ideal of a ring R such that
√
I =M
is a maximal ideal that is the radical of a 8nitely generated ideal. Then the ideal I
of R is 8nitely generated i: the ideal IRM of RM is 8nitely generated.
Proof. Let
√
I =
√
(F), where F is a %nite subset of R. Replacing the elements in F
by suitable powers, we may assume that F ⊆ I . Assume that IRM is %nitely generated,
and let J be a %nitely generated subideal of I such that IRM = JRM . Then I =(F)+ J :
indeed, if a∈ I , then for some s∈R \M we have R=(F) + sR⊆(((F) + J ) : a), thus
(((F) + J ) : a)=R, and a∈ (F) + J .
Theorem 1.5. Let R be a seminormal integral domain; and let I be a zero-dimensional
ideal of R such that the ring R=I is Noetherian and such that some power of I is
8nitely generated. Assume also that either
√
I is the radical of a 2-generated ideal
of R; or that htM ≤ 2 for each maximal ideal M containing I . Then I is 8nitely
generated.
Proof. By [4, Lemma 1.7] we may assume that I =
√
I . First suppose that I is the
radical of a 2-generated ideal of R. In view of Lemmas 1:2 and 1:3, it is enough to
prove that I is a radical ideal of T =(I : I). Indeed, let t ∈T such that t2 ∈ I . Thus
t3 = t · t2 ∈ I . Since R is seminormal, we obtain that t ∈R. Since t2 ∈ I and I is a radical
ideal of R we see that t ∈ I . We conclude that I is a radical ideal of T as required.
Now suppose that htM ≤ 2 for each maximal ideal containing I . Thus by Lemma
1.1 we may assume that I =M is a maximal ideal of R. We repeat an argument from
the proof of [4, Theorem 1:24(5)]: we may assume by [4, Theorem 1:24(4)] that M is
not a minimal prime over a principal ideal. Hence, if 0 = x∈M , then ht(M=√xR)= 1,
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and the ring RM=
√
xRM is Noetherian by [4, Corollary 1:21]. Thus MRM is the radical
of a 2-generated ideal, hence %nitely generated. It follows that M is %nitely generated
(Lemma 1.4).
We do not know if Theorem 1.5 holds without the seminormality assumption on R.
See also Theorem 2.10 below.
Corollary 1.6. Let R be a seminormal integral domain; and let M be a maximal ideal
of R having a 8nitely generated power. If M is a minimal prime over a 2-generated
ideal or if htM ≤ 2; then M is 8nitely generated.
Lemma 1.7. Let R be a ring and P be a prime ideal of R such that some power of P
is 8nitely generated. Then Pn−1 \P(n) = ∅ for any n≥ 1 such that Pn−1 =0 (as usual;
P(n) =PnRP ∩ R).
Proof. If the lemma is false than Pn−1RP =PnRP for some n≥ 1. Replacing R by RP
we may assume that (R; P) is quasilocal and that Pn−1 =Pn. Assume that the ideal
Pm is %nitely generated. Since Pi =Pi+1 for all i≥ n, we may assume that n≥m. By
[4, Lemmas 1:1 and 1:2] the ideal Pn is %nitely generated. The equality Pn−1 =P(Pn−1)
contradicts the Nakayama Lemma.
We recall that an integral domain R is coherent if and only if the intersection of
any two %nitely generated ideals of R is %nitely generated.
Theorem 1.8. If R is a coherent domain and P is a prime ideal of R such that some
power of P is 8nitely generated; then P is 8nitely generated.
Proof. We may assume that P =(0). Suppose Pn is %nitely generated for some n≥ 1.
By Lemma 1.7 there exists an element a∈Pn−1 \ P(n). It follows that aP= aR ∩ Pn.
Since R is coherent, we obtain that aP (so also P) is a %nitely generated ideal of R.
2. Semigroups and monoid domains
In this section, we deal with the analogue of Question 0.1 in the Introduction for
semigroups and apply it to monoid domains (cf. [4, Section 2]). Thus, we prove that
if R=K[X ; S] is a seminormal monoid domain, and some power of its maximal ideal
M =(X s : s∈ S) is %nitely generated, then M is %nitely generated (Theorem 2.5). We
also deal with semigroups of rank ≤ 3 (Theorems 2.9–2.12). We recall that the rank
of a cancellative semigroup S is dimQG ⊗Z Q, where G is the quotient group of S.
All semigroups here are commutative. We use the additive notation. For a semigroup
S we denote by S˜ the monoid S ∪ {0} if S has no zero element; otherwise, S˜ = S. If
F is a subset of S and n≥ 1 we denote by nF the set of all sums of n elements in F ;
we let 0F = {0}. The empty sum is de%ned as 0. The subsemigroup generated by F
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is denoted by 〈F〉. If T1 and T2 are two subsets of a cancellative semigroup S, we let
T1 − T2 = {t1 − t2 : t1 ∈T1; t2 ∈T2}; thus T1 − T2 is a subset of the quotient group of S.
We recall that a semigroup S is m-torsion-free for an integer m≥ 1 if we have for all
x; y∈ S that mx=my ⇒ x=y; equivalently, the quotient group of S is m-torsion-free.
Lemma 2.1 (cf. [4, Lemma 1.1]). Let T ⊆U be subsets of a semigroup S. If for
some n≥ 1 the sets nT and nU generate the same ideal of S; then for all m≥ n and
0≤ i≤m the sets mT and iT + (m− i)U generate the same ideal of S.
Proof. Since T ⊆U , the set iT + (m− i)U lies between mT and mU . Thus it suNces
to show that mT and mU generate the same ideal of S. By induction we obtain that the
ideal generated by (m+1)T =T +mT equals the ideal generated by T +(m−1)T +U ,
that is, by mT + U , so by mU + U =(m+ 1)U .
Lemma 2.2 (cf. [4, Lemmas 1:2 and 1:1]). If T is a subsemigroup of a semigroup S
such that nT + S˜ is a 8nitely generated ideal of S for some n≥ 1; then there exists a
8nite subset F of T such that for all m≥ n the sets mT and mF generate the same
ideal of S.
Proof. Let G be a %nite subset of nT such that nT+S˜ =G+S˜. Represent each element
of G as a sum of n elements in T . Let F be the set of all the elements in these sums,
thus nT + S˜ = nF + S˜. By Lemma 2.1 we have mT + S˜ =mF + S˜ for all m≥ n.
Lemma 2.3 (cf. [4, Proposition 2:2]). Let F be a subset of a semigroup S such that
for some n≥ 1 the ideal nS of S is generated by nF . Then nS ⊆(mF + S)∪⋃mi= n iF
for all m≥ n. Hence; nS ⊆〈F〉 ∪⋂∞m= n (mF + S).
Proof. We prove that nS \⋃mi= n iF ⊆mF + S by induction on m≥ n. Let m= n, and
a∈ nS \ nF . Since a∈ nF + S˜ and a =∈ nF , we see that a∈ nF + S. Proceed from
m to m + 1. Let a∈ nS \ ⋃m+1i= n iF . By the inductive assumption a∈mF + S. Thus
a= s+
∑m
i= 1 fi; where all fi are in F and s∈ S. Hence,
a=
(
s+
n−1∑
i= 1
fi
)
+
m∑
i= n
fi = t +
n∑
i= 1
hi +
m∑
i= n
fi;
for some elements t ∈ S˜ and h1; : : : ; hn in F . Since a =∈ (m + 1)F it follows that t ∈ S,
and that a∈ (m+ 1)F + S.
We recall that a cancellative semigroup S is seminormal if for any element x in the
quotient group G of S, we have 2x; 3x∈ S ⇒ x∈ S (equivalently, if x∈G and nx∈ S
for n¿¿0 then x∈ S).
Theorem 2.4. Let S be a seminormal cancellative semigroup that is m-torsion-free
for some integer m¿1. If nS is 8nitely generated as an ideal of S for some n≥ 1;
then S is also a 8nitely generated ideal of S.
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Proof. By Lemma 2.2, there exists a %nite set F = {f1; : : : ; fk}⊆ S such that for all
r≥ n, the ideal rS of S is generated by rF . Let C = S \ (F + S˜). We prove that C is
%nite. Let r≥ n. For x∈C there are nonnegative integers ari so that
rx=
k∑
i= 1
arifi + s; (1)
where s∈ S˜. If some ari is ≥ r, then we have in the quotient group of S that r(x −
fi)∈ S˜. Since S is seminormal, it is easy to show that S˜ is also seminormal. Hence,
since x−fi =∈ S˜ for all i, it follows that for each i there exists at most one prime r≥ n
such that ari≥ r in some representation as in (1). Let P be a set of k + 2 primes
that are ≥ n. For each element x∈C there are at least two primes p = q in P so that
ap; i¡p and aq; i¡q for all i in any representation as in (1) of px and qx, respectively.
Hence px =∈pkF + S. Since the ideal pS of S is generated by pF , and since px∈pS,
we obtain by Lemma 2.3 that px∈Ap :=
⋃pk
i=p iF . Denote by Cp;q the set of elements
in C corresponding to a pair of primes p = q in P. Since the set Ap ∪ Aq is %nite, we
see that there are just %nitely many pairs ≺px; qx with x∈Cp;q. If x; y∈Cp;q and
px=py; qx= qy, then for j0 we have mjx=mjy. As S is m-torsion free, we obtain
that x=y. Therefore the set Cp;q is %nite. We conclude that C is %nite, and that S is
a %nitely generated ideal of S.
As a corollary of the preceding theorem we obtain:
Theorem 2.5. Let R=K[X s : s∈ S] be a seminormal monoid domain; where S is a
cancellative torsion-free semigroup without zero. If some power of the maximal ideal
M =(X s : s∈ S) is 8nitely generated then the ideal M is 8nitely generated.
To deal with semigroups of rank ≤ 3 we need two lemmas:
Lemma 2.6. Let S be a cancellative semigroup. Let F be a 8nite subset of S; T a
8nitely generated subsemigroup of S and U a subset of T–F . Then the subsemigroup
generated by the set T ∪ U is 8nitely generated.
Proof. Let T = 〈t1; : : : ; tm〉. Assume that the lemma is false. Hence, there exists an
in%nite sequence of elements g0 g1; : : : in U such that gk =∈ 〈T ∪ {g0; : : : ; gk−1}〉 for
all k ≥ 1. By extracting a subsequence of the sequence g0 g1; : : : we may assume that
there exists an element f∈F such that f + gi ∈T for all i≥ 0. For all i we have
f + gi =
∑m
j= 1 aijtj, where aij are nonnegative integers. By Dickson’s Lemma the
monoid Nm satis%es the ascending chain condition on ideals, hence there exist i¡k
such that aij ≤ akj for all j=1; : : : ; m. Thus f + gk =f + gi + t, where t ∈ T˜ . Since S
is cancellative we obtain that gk = gi + t, a contradiction.
A sequence of elements in a cancellative semigroup S is linearly independent if it
is linearly independent in the Q-vector space G ⊗Z Q, where G is the quotient group
of S.
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Lemma 2.7. Let f1; : : : ; fr and g be elements of a semigroup S satisfying the following
conditions for any integer m :
f1 + g− mf2 ∈ S;
f2 + g− mf3 ∈ S;
: : :
fr + g− mf1 ∈ S:
(2)
Then for any integers r′≥ r and m1; : : : ; mk we have
r′g−
r∑
i= 1
mifi ∈ S:
Proof. We have
f1 + g− (m2 − 1)f2 ∈ S
f2 + g− (m3 − 1)f3 ∈ S
: : :
fr−1 + g− (mr − 1)fr ∈ S
fr + g− (m1 − 1)f1 ∈ S:
(3)
Summing this up we obtain that rg−∑ri= 1 mifi ∈ S, hence that r′g−∑ri= 1 mifi ∈ S.
Lemma 2.8. Let S be a cancellative semigroup without zero. Assume that for some
n¿1; there exists a 8nite set F such that nS is generated by nF as an ideal of S.
Let g be an element of
(n− 1)S \ ((n− 1)F + S)
such that f+g =∈mF for all f∈F and m≥ n. Then; there exist elements f1; : : : ; fr in
F; where r≥ 2; such that g is linearly independent of f1; : : : ; fr; f1 and f2 are linearly
independent; and such that for each integer m we have
f1 + g− mf2 ∈ S
f2 + g− mf3 ∈ S
: : :
fr + g− mf1 ∈ S:
(4)
Proof. Let F = {t1; : : : ; tk}. Let f∈F , thus f+ g∈ nS. By Lemma 2.3, for any m≥ n
we have f + g∈mF + S, thus
f + g=
k∑
j= 1
amjtj + s; (5)
where amj are nonnegative integers so that
∑k
j= 1 amj =m, and s∈ S. There is an integer
1≤ j≤ k such that amj ≥m=k for in%nitely many positive integers m. Thus f + g −
mtj ∈ S for all integers m. Set f1 =f and f2 = tj. Continuing in this way, we obtain an
in%nite sequence f1; f2; : : : of elements in F such that fi + g−mfi+1 ∈ S for i≥ 1 and
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for all integers m. As the set F is %nite, there are integers i≤ r such that fi =fr+1.
We may assume that i=1. Clearly the elements f1; : : : ; fr satisfy condition (4).
Assume that ag=
∑r
i= 1 aifi where a; a1; : : : ; ar are integers and a¿0. We have by
Lemma 2.7 that 0= rag−∑ri= 1 raifi ∈ S, a contradiction. Hence g is linearly indepen-
dent of f1; : : : ; fr .
Assume that f1 and f2 are linearly dependent: f2 = qf1 for some rational number q.
Since 0 =∈ S, we have q¿0. Choose an integer a such that aq≥ n is an integer. By (4)
we have g − (aq − 1)f1 =f1 + g − af2 ∈ S, so g∈ (aq − 1)f1 + S ⊆(n − 1)F + S, a
contradiction.
Theorem 2.9. Let S be a cancellative semigroup of rank ≤ 2. If nS is a 8nitely
generated ideal of S for some n≥ 1; then S is also a 8nitely generated ideal of S.
Proof. We may assume that n is minimal so that the ideal nS of S is %nitely generated.
Suppose n¿1. By Lemma 2.2 there exists a %nite set F ⊆ S such that mF generates the
ideal mS of S for all m≥ n. Let g be an element in (n−1)S that does not belong to the
ideal generated by (n− 1)F in S. Since G≤ 2, by Lemma 2.8 there exists an element
f∈F and an integer m≥ n such that f+g∈mF , so g∈mF−F . Let F0 =
⋃∞
m= n−1mF ,
thus F0 = 〈
⋃2n−3
m= n−1 mF〉 is a %nitely generated semigroup. We have
(n− 1)S =((n− 1)F + S˜) ∪ ((F0 − F) ∩ (n− 1)S):
Thus the ideal (n− 1)S of S is generated by the set
F0 ∪ ((F0 − F) ∩ (n− 1)S):
By Lemma 2.6 we obtain that (n− 1)S is a %nitely generated ideal of S, contradicting
the minimality of n.
Theorem 2.10. Let R=K[X ; S] be a two-dimensional monoid domain; where S is a
cancellative torsion free semigroup without zero. If some power of the maximal ideal
M =(X s : s∈ S) is 8nitely generated then the ideal M is 8nitely generated.
We now turn to semigroups of rank 3.
Theorem 2.11. Let S be a cancellative torsion-free semigroup of rank 3 such that its
quotient group is a 8nitely generated group. If nS is a 8nitely generated ideal of S
for some n≥ 1; then S is also a 8nitely generated ideal of S.
Proof. Assume that S is not a %nitely generated ideal of S; thus 0 =∈ S. Let n¿1 be
minimal such that nS is a %nitely generated ideal of S. By Lemma 2.2 there exists a
%nite set F ⊆ S such that nF generates the ideal nS of S. Let F0 =
⋃∞
m= n−1mF ; thus
F0 is a %nitely generated semigroup. Since the ideal (n− 1)S is not %nitely generated,
by Lemma 2.6 there exists an in%nite sequence of elements g0; g1; : : : in (n − 1)S
such that for all i¿0 the element gi does not belong to the ideal of S generated
by {g0; : : : ; gi−1} ∪ F0 ∪ ((F0 − F) ∩ (n − 1)S). By Lemma 2.8 for each i≥ 0 there
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exist elements fi;1; : : : ; fi; ri in F , where ri≥ 2, such that gi is linearly independent of
fi;1; : : : ; fi; ri for all i≥ 0; fi;1 and fi;2 are linearly independent, and such that for each
integer m it holds:
fi;1 + gi − mfi;2 ∈ S
fi;2 + gi − mfi;3 ∈ S
: : :
fi; ri + gi − mfi;1 ∈ S:
(6)
By extracting a subsequence of the sequence g0; g1; : : :, we may assume that all the
sequences ≺fi;1; : : : ; fi; ri are equal, say, to ≺f1; : : : ; fr.
By assumption the quotient group G of S is a free abelian group of rank 3. Thus,
there are elements c1; c2; c3 in G such that G=Zc1+Zc2+Zc3. Since g0; f1 and f2 are
linearly independent, there exists a positive integer N such that Nci ∈Zg0 +Zf1 +Zf2
for i=1; 2; 3. Thus, G⊆(1=N )(Zg0 + Zf1 + Zf2).
Write for all i≥ 1 : gi = (i;0g0 + (i;1f1 + (i;2f2, where (i;e are rational numbers in
(1=N )Z. We have (i;0≥ 0 for all i≥ 1, otherwise, by Lemma 2.7 we obtain the con-
tradiction that
0= rNgi − rN(i0g0 − rN(i;1f1 − rN(i;2f2 ∈ S:
Furthermore, by extracting a subsequence of the sequence (gi)i≥ 1 we may assume
that (i;e − (k;e is an integer for any positive integers i; k and for e=0; 1; 2.
Let i = j be positive integers. Write
gj − gi = aijg0 + bijf1 + cijf2;
where aij; bij and cij are integers. If i¡j and aij ≥ r, then by Lemma 2.7 we obtain
that gj − gi ∈ S, a contradiction. Thus, a1j¡r for all j¿1. Hence, 0≤ (j;0¡(1;0 + r
for j≥ 2. By extracting a subsequence again, we may assume that (j;0 is constant for
j≥ 2; by discarding g1, we may assume this for j≥ 1; thus aij =0 for all positive i = j.
If for some positive i = j we have bij, say, bij ≥ 1, then by (6) we obtain gj = nf2 +
(f1 + gi + (cij − n)f2) + (bij − 1)f1 ∈ nF + S, a contradiction. Thus bij =0 for any
positive i = j. Hence, gi − g1 = c1if2 for i¿1. Since gi does not belong to the ideal of
S generated by g1, we see that c12¡0. Since g1 =∈ nF + S, we see that |c1i|¡n. Hence,
for some i = j we have gi = gj, a contradiction.
Theorem 2.12. Let K be a 8eld and let R=K[X ; S] be a three-dimensional monoid
domain such that the quotient 8eld L of R is a 8nitely generated 8eld extension of K
(this holds i: L is a transcendental extension of K): If some power of M is 8nitely
generated; then M is a 8nitely generated ideal of R.
Proof. By Theorem 2.11 it is enough to show that the quotient group G of S is a
%nitely generated group. There are s1; : : : ; sn in S such that L=K(X s1 ; : : : ; X sn). We
claim that the group G is generated by s1; : : : ; sn. Indeed, let s∈ S. Thus, there are
two nonzero polynomials over K in n indeterminates such that X s=f(X s1 ; : : : ; X sn)=
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g(X s1 ; : : : ; X sn), that is, X sg(X s1 ; : : : ; X sn)=f(X s1 ; : : : ; X sn). Let X t be a monomial
occurring in g, where t ∈ 〈s1; : : : ; sn〉, thus X tX s occurs in f(X s1 ; : : : ; X sn). This im-
plies that X s is a quotient of two monomials in K[X s1 ; : : : ; X sn ], so s belongs to the
subgroup of G generated by s1; : : : ; sn.
In the three-dimensional case we may extend [4, Corollary 2.10] as follows:
Corollary 2.13. Let R be a three-dimensional monoid domain that is a K-subalgebra
of K(X; Y; Z) generated by a set F of monomials X iY jZk ; where i; j and k are any
integers. Let M be the ideal of R generated by F . If some power of M is 8nitely
generated; then M is a 8nitely generated ideal of R.
Proof. We may assume that M =R, so M is a maximal ideal of R. Let L=Q(R). By
[3, Theorem 17:1, p. 176 and Theorem 21:4, p. 290] the transcendence degree of the
%eld L over K equals dim R=3. Hence, there exist three elements s; t; u in L that are
algebraically independent over K , so K(X; Y; Z) is a %nite %eld extension of K(s; t; u).
Thus, L is a %nite extension of K(s; t; u), hence L is a %nitely generated %eld extension
of K . By Theorem 2.12 the ideal M is %nitely generated.
3. Examples
In this section we elaborate on [4, Example 3:2], thus, obtaining further counterex-
amples to Question 0:1 in the Introduction.
The next three statements (3:1–3:3) allow us to extend such counterexamples to
higher Krull dimensions.
For an ideal I in a ring R we denote by /R(I) the minimal number of generators of
I if I is %nitely generated; otherwise, /R(I)=∞. We use a similar notation for ideals
in semigroups.
Lemma 3.1. For any integral domain R and 1≤m≤∞ there exists an integral do-
main T containing R such that dim T =dim R+ m; and
/R(I)= /T (IT )
for any ideal I of R.
Moreover; if R is seminormal or integrally closed; then also T is seminormal
(integrally closed respectively):
Proof. Let L be the quotient %eld of R, and let {Xn}n≥ 1 be independent indeterminates
over L. If m is %nite, set X= {X1; : : : ; Xm}; if m=∞, set X= {Xn}n≥ 1. Let T =R +
(X)L[X]. By [2, Corollary 1:4] dim T =dim R + m. For seminormality and integral
closure see [1, Proposition 2:1(5) and (6)].
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Remark 3.2. If (R;M) is a quasilocal domain, T is de%ned as in Lemma 3.1, and
N =(X)L[X], then the domain TN is quasilocal and satis%es all the requirements of
Lemma 3.1.
We recall that a cancellative semigroup S is integrally closed (root closed) if for
any element x in the quotient group of S and integer m, if mx∈ S then also x∈ S.
Lemma 3.3. Let 1≤m≤∞ and let S be a cancellative semigroup. Then there exists
a cancellative semigroup T containing S that is 8nitely generated over S and such
that rank T = rank S+m; and /S(I)= /T (J ) for any ideal I of S; where J is the ideal
of T generated by I . Moreover; if S is seminormal (integrally closed); then also T is
seminormal (integrally closed; respectively):
Proof. Let M be a free monoid of rank m. Set T = S⊕˙M .
The last part of Lemma 3.3 concerning seminormality and integral closure was
included here just for comparison with Lemma 3.1. Indeed, by Theorem 2.4 there
are no seminormal counterexamples to the analogue of Question 0.1 for cancellative
torsion-free semigroups. Actually, we do not have any counterexample to Question 0.1
of a seminormal domain. Thus the question in [4] regarding this problem for integrally
closed or completely integrally closed domains is still open.
We formulate our examples just for rings, the analogous formulation for semigroups
being obvious (see [4, Proposition 2:1]).
Example 3.4. A four-dimensional monoid domain R=K[X ; S] such that the ideal
M =(X s : s∈ S) is not %nitely generated, but M 2 = I 2, where I is 2-generated ideal,
so M 2 is 3-generated. Moreover, Q(R) is a %nitely generated %eld extension of K .
Let X; Y; Z1; Z2 be independent indeterminates over a %eld K and set
R=K
[
XY n; Z1; Z2;
Z1XY n
Zm2
;
Z2XY n
Zm1
]
n≥ 0;m≥ 1
;
thus R=K[X ; S] is a monoid domain and M =(X s : s∈ S)= (XY n; Z1; Z2)n≥ 0.
Clearly M 2 = (Z1; Z2)2 is 3-generated. The ideal M is not %nitely generated. Other-
wise, we have for some r¿1 that XY r belongs to the ideal generated by {XY i}1≤ i¡r∪
{Z1; Z2} in the multiplicative semigroup generated by
A= {XY i}1≤ i¡r ∪
{
Z1; Z2;
Z1XY n
Zm2
;
Z2XY n
Zm1
}
n≥ 0;m≥ 1
:
It is easy to verify that this is not possible, using the fact that if a product of elements
in A equals XY r , then exactly one of the elements of A involving X occurs in the
product. By [3, Theorem 21:4, p. 290] we have dim R=4.
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Example 3.5. A three-dimensional monoid domain R=K[X ; S] such that its maximal
ideal M =(X s : s∈ S) is not %nitely generated, although M 2 = I 2 for a 2-generated
ideal I , so M 2 is 3-generated.
Let X; Y; Z be independent indeterminates over a %eld K . Set
R=K
[
X; Y; Z; X n
√
Y ;
X n
√
YY
Zm
;
X n
√
YZ
Ym
]
n≥ 1;m≥ 1
;
and M =(Y; Z; X n
√
Y )n≥ 1. Obviously, R=K[X ; S] for a subsemigroup S of Q without
zero, and M =(X s : s∈ S). Clearly M 2 = (Y; Z)2. Assume that M is %nitely generated.
Then for some r≥ 2 the element X r√Y belongs to the ideal generated by
{X i
√
Y}1≤ i¡r ∪ {X; Y; Z};
in the multiplicative semigroup generated by
A=
{
X; Y; Z; X n
√
Y ;
X n
√
YY
Zm
;
X n
√
YZ
Ym
}
n≥ 1;m≥ 1
:
It is easy to verify that this is not possible, using the fact that if a product of elements
in A equals X r
√
Y , then exactly one of the elements of A involving X occurs in the
product.
We sum up [4, Example 3:2 and Remark 3:3] and the above counterexamples (see
also statements 3.1–3.3) as follows:
Theorem 3.6. (1) For any 3≤d≤∞ there exists a quasilocal d-dimensional integral
domain R having a non8nitely generated maximal ideal M such that M 2 = I 2 for a
2-generated ideal I .
(2) For any 3≤d≤∞ there exists a d-dimensional monoid domain R=K[X ; S];
where K is a 8eld; such that M =(X s : s∈ S) is a maximal ideal of height d; M is
not 8nitely generated; but M 2 = I 2 for some 2-generated ideal of R. Moreover; if
4≤d¡∞; then S can be chosen such that Q(R) is a 8nitely generated 8eld extension
of K .
As a slight variation of the previous constructions, we note that for any 3≤d¡∞
and for any %eld K the monoid domain
R = K[X ; S]
= K
[
XY n; Z1; Z2; : : : ; Zd−2;
Z1XY n
Zm2
;
Z2XY n
Zm1
;
Z1Zi
Zm2
;
Z2Zi
Zm1
]
n≥ 0;m≥ 0; i≥ 3
is a d-dimensional domain, its maximal ideal M =(X s : s∈ S) is not %nitely generated,
although M 2 = (Z1; Z2)2.
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